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Abstract :   In the present paper,  a coupled coincidence fixed point theorem in the setting of two pairs 
of W-compatible mappings in G- fuzzy metric space has been proved. This theorem generalizes 
various results including a theorem of K.P.R. Rao[24] and also proved the theorem due to Kumar[14] 
for weaker condition of  W-compatibility and all type of mappings commuting and non-commuting .  
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1.  Introduction and preliminaries 

        The fundamental topological structure of �-metric introduced by Dhage [5,6,7,8] and hence all 
theorems proved in this structure are shown to be incorrect by Mustafa and Sims [16-18] and Naidu et 
al. [23]. To overcome this shortcomming of B. C. Dhage’s  theory of  generalized  metric spaces,  
flaws that  invalidate  most  of the claimed  for  these  spaces, Mustafa and Sims introduced  an 
alternative more robust generalization of metric  spaces and provide a platform to revise the failed 
results in D-metric structure. The  following definition was introduced by Mustafa and  Sims 
[17]. 

1.1 Definition[17]. Let  X  be  a  nonempty  set  and  G  : X  × X  × X  → R+  a 
function satisfying the following properties: 

(G1)  G(x, y, z) = 0 if x = y = z, 

(G2) 0 < G(x, x, y), for all x, y ∈ X  with x = y, 

(G3) G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X  with z = y, 
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 (G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = . . ., symmetry in all three       
variables,              

 (G5) G(x, y, z) ≤ G(x, a, a) + G(a, y, z) for all x, y, z, a ∈ X . 

Then  the function  G is called  a generalized metric,  or, more  specifically,  a G-
metric on X , and  the pair  (X, G) is called  a G-metric space. 

 

1.2 Definition. The G- metric space (X,G) is called symmetric if  

                                            G(x, x, y) =  G(x, y, y)       for all x, y ∈ X. 

 

1.3 Definition.  [17]. Let (X, G) be a G-metric space and (xn ) a sequence of points of X . A point x ∈ 
X is said to be the limit of sequence the (xn ), if limn,m → ∞ G(x, xn, xm ) = 0, and  we say that the 
sequence  (xn) is G-convergent to x or that (xn) G-converges to x. 

1.4 Proposition[17]. Let (X, G)  be a G-metric space.  Then  the following are equivalent: 

                   (1)  (xn ) is G-convergent to x. 

                   (2)  G(xn , xn , x) → 0 as � → ∞. 

 

Recently, Sun and Yang [25] introduced the concept of G-fuzzy metric spaces and proved common 
fixed-point theorems for four mappings. 

1.5 Definition [26]. A 3-tuple (X,G,∗) is called a �-fuzzy metric space if � is an arbitrary nonempty 
set, ∗ is a continuous �-norm, and � is a fuzzy set on X3 × (0,∞) satisfying the following conditions for 
each t, s  > 0 :   

                       (i)    G(x,x,y,t) > 0      for all �,� ∈ � with � ≠ �, 

                       (ii)   Gx,x,y,t) ≥ G(x,y,z,t)     for all x,y,z ∈ X with y ≠ z, 

                       (iii)  G(x,y,z,t) = 1     if and only if x = y = z, 

                       (iv)  G(x,y,z,t) = G(p(x,y,z),t),        where p is a permutation function, 

                       (v)   G(x,y,z,t+s) ≥ G(a,y,z,t)∗G(x,a,a,s)      for all x,y,z,a ∈ �, 

                       (vi)  G(x,y,z,⋅) ∶ (0,∞) → [0,1] is continuous. 

 

1.6 Definition[25]. A G-fuzzy metric space (X,G,∗) is said to be symmetric if 

                                                         G(x,x,y,t) = G(x,y,y,t)                                                               (1.1) 

for all �,� ∈ � and for each � > 0. 

Example 1.1. Let X be a nonempty set and let G be a G-metric on X. Denote a∗b=ab for all a,b ∈ 
[0,1]. For all x,y,z ∈ � and each � > 0,  

                                                                 G(x,y,z,t)=t/(t+G(x,y,z))  
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 is a G-fuzzy metric on X. 

 

Lemma 1.1 (see [25]). Let (X,G,∗) be a G-fuzzy metric space. Then,G(x, y, .) is nondecreasing with 
respect to � for all �,�,� ∈ �. 

    A sequence {xn} in G-fuzzy metric space X is said to be G-convergent to x ∈ X  if  G(xn,xn,x,�)→1  
as n → ∞ for each t > 0. It is called a G-Cauchy sequence if G(xn,xn,xm ,�)→1 as n,m → ∞ for each t > 
0. � is called G-complete if every G-Cauchy sequence in � is �-convergent in �. 

Lemma 1.2 (see [25]). Let (X,G,∗) be a G-fuzzy metric space. Then, G is a continuous function on �3 

× (0,∞) in all variables x,y,z,t. 

Now onwards, we assume the following condition: 

                                                lim�→∞G(x,y,z,t) = 1  for all �,�,� ∈ �                                                  (P) 

 

Using (P), one can prove the following lemma. 

Lemma 1.3. Let (X,G,∗) be a �-fuzzy metric space. If there exists �∈(0,1) such that        

min{G(x,y,z,kt),G(u,v,w,kt)} ≥ min{G(x,y,z,t), G(u,v,w,t)} 

for all x,y,z,u,v,w ∈ X and t  > 0, then x = y = z  and u = v = w. 

1.7 Definition 15 (see [03]). Let X be a nonempty set. An element (x,y) ∈ X×X is called a coupled 
fixed point of the mapping F ∶ X × X → X if x = F(x,y) and y = F(y,x). 

1.8 Definition 16 (see [02]). Let X be a nonempty set. An element (x,y) ∈ X×X is called    

 (i) a coupled coincidence point of F ∶ X × X → X  and g∶X→X if gx = F(x,y) and gy = F(y,x))  

 (ii)a common coupled fixed point of F ∶ X × X → X  and g∶X→X if x= gx=F(x,y) and y=gy=F(y,x). 

1.10 Definition[14].  Let X be a nonempty set. The mappings F ∶ X×X → X and g∶X→X are called 
commuting if                   

                           g(F(x,y)) = F(gx,gy) and g(F(y,x)) = F(gy,gx)  for all x,y ∈ X.                                

1.9 Definition 17 (see [02]). Let X be a nonempty set. The mappings F ∶ X × X → X  and g∶X→X are  

called �-compatible if g(F(x,y)) =  F(gx,gy) and g(F(y,x)) = F(gy,gx)  whenever gx = F(x,y)  and   

gy = F(y,x)   for some (x,y) ∈ X×X. 

 

K.P.R. Rao et al [24] proved the following result : 

       Let  (X,G,∗) be a G-fuzzy metric space with a∗b = min{a,b} for all a,b ∈ [0,1] and S ∶ X × X → 
X and let f ∶ X → X be mappings satisfying 

                                       G(S(x,y),S(u,v),S(u,v),kt) ≥ min{G(fx,fu,fu,t), G(fy,fv,fv,t)}                       
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 for all x,y,u,v ∈ �, where 0 ≤ k < 1, S(X×X) ⊆ f(X) ��� f(X) �� � �������� �������� �� X, �ℎ� 
���� (f,S) �� �-compatible.Then S and f have a unique common coupled fixed point of the 
form (�,�) in X×X. 

 

M. Kumar[14] proved the following theorem 

Theorem: Let  (X,G,∗) be a symmetric G-fuzzy metric space with a∗b = min{a,b} for all a,b ∈ [0,1]  
and F, S ∶  X×X → X  and let h, g ∶ X→X be mappings satisfying 

                        G(F(x,y),S(u,v),S(u,v),kt)  ≥  min{G(hx,gu,gu,t),G(hy,gv,gv,t)                                 

for all x,y,u,v ∈ X, where 0 ≤ k < 1. Assume that F, S and g, h satisfy the following condition  

1) F(X×X) ⊆ g(X) and  S(X×X) ⊆ h(X) 

2) g(X) or  h(X) are complete subspace of X 

3) g and h are continuous and {F, h} and {S, g} are of commuting mappings. 

Then there is a unique point x in X such that F(x, x) = �(x, x) = g(x) = h(x) = x. 

       The purpose of this paper is to establish a common coupled fixed point theorem for two pairs of  
W-compatible mappings. Our result generalizes the theorem due to K.P.R. Rao et al [24] precisely. 
Also in M. Kumar [14], the mappings g and h are considered to be continuous. But here continuity is 
not required so that the theorem is for non-continuous mapping too. Along with it, in our result instead 
of pair of commutating mappings, more weaker  pair of W-compatible mappings is being used to 
extend the era of existence of fixed point Also the terminology used in  proving our theorem is 
different due to the use of W-compatibility. But here both subspaces g(X) and h(X) are considered to 
be complete.  

 

2. Main Result: 

Theorem:  Let  (X,G,∗) be a symmetric G-fuzzy metric space with a∗b = min{a,b} for all a,b ∈ 
[0,1] and F, S ∶  X×X → X  and let h, g ∶ X→X be mappings satisfying 

                        G(F(x,y),S(u,v),S(u,v),kt)  ≥  min{G(hx,gu,gu,t),G(hy,gv,gv,t)                                (2.1) 

for all x,y,u,v ∈ X, where 0 ≤ k < 1. Assume that F, S and g, h satisfy the following condition  

4) F(X×X) ⊆ g(X) and  S(X×X) ⊆ h(X) 

5) g(X) and h(X) are complete subspace of X 

6) {F, h} and {S, g} are of W-compatible mappings. 

Then there is a unique point x in X such that F(x, x) = �(x, x) = g(x) = h(x) = x. 

Proof: Let x0,y0 ∈ X. Since F(�×�) ⊆ g(�), we can choose x1, y1 ∈ X such that u1 = gx1 = F(x0, y0) 
and v1 = gy1 = F(y0, x0). Again since S(�×�) ⊆ h(�), we can choose x2, y2 in X such that u2 = hx2 = 
S(x1, y1) and v2 = hy2 = S(y1, x1). Continuing this process, we can construct two sequences {un} and 
{vn} in X such that  u2n+1 = gx2n+1 = F(x2n, y2n) and v2n+1 = gy2n+1 = F(y2n, x2n) and u2n+2 = hx2n+2 = 
S(x2n+1, y2n+1) and v2n+2 = hy2n+2 = S(y2n+1, x2n+1) for all n ∈ N.  From  

                                         d2n+1(kt)  =  G(u2n+1, u2n+2, u2n+2, kt ) 
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                                                        = G(F(x2n,y2n), S(x2n+1, y2n+1), S(x2n+1, y2n+1), kt) 

                                                         ≥ min{G(hx2n, gx2n+1, gx2n+1, t), G(hy2n, gy2n+1, gy2n+1, t)  │ by (2.1) 

                                                         = min{G(u2n ,u2n+1, u2n+1, t), G(v2n, v2n+1, v2n+1, t)}. 

Similarly                           e2n+1(kt)   =  G(v2n+1, v2n+2, v2n+2, kt)  

                                                         ≥  min{G(v2n, v2n+1, v2n+1, t), G(u2n, u2n+1, u2n+1, t)}. 

 So            min{d2n+1(kt), e2n+1(kt)}  ≥  min{d2n(t), e2n(t)}. 

Also  

                                          d2n+2(kt)  =  G(u2n+2, u2n+3, u2n+3, kt) 

                                                         = G(S(x2n+1, y2n+1), F(x2n+2,y2n+2), F(x2n+2,y2n+2), kt) 

                                                         = G(F(x2n+2,y2n+2), S(x2n+1, y2n+1), S(x2n+1, y2n+1), kt)         │ by (1.1) 

                                                         ≥ min{G(hx2n+2, gx2n+1, gx2n+1, t), G(hy2n+2, gy2n+1, gy2n+1, t)}  

                                                         = min{G(u2n+2 ,u2n+1, u2n+1, t), G(v2n+2, v2n+1, v2n+1, t)} 

                                                         = min{G(u2n+1 ,u2n+2, u2n+2, t), G(v2n+1, v2n+2, v2n+2, t)}.      │ by (1.1) 

Similarly                           e2n+2(kt)  =  G(v2n+2, v2n+3, v2n+3, kt)  

                                                         ≥  min{G(v2n+1, v2n+2, v2n+2, t), G(u2n+1, u2n+2, u2n+2, t)}. 

 So            min{d2n+2(kt), e2n+2(kt)}  ≥  min{d2n+1(t), e2n+1(t)}. 

Cosequently    min{dn+1(kt), en+1(kt)}  ≥  min{dn(t), en(t)}  for all n ∈ N.  

Thus                    min{dn(t), en(t)}  ≥  min{dn-1( 
�

�
), en-1( 

�

�
)}   

                                                        ≥  min{dn-2( 
�

��), en-2( 
�

��)} 

                                                         …………………………… 

                                                        ≥  min{d0( 
�

��), e0( 
�

��)}.                                                              (2.2) 

Now for all p > 0, using (v) of 1.5 Definition 

                          G(un, un+p, un+p, t ) = G(un, un+1, un+1, 
�

�
 )∗ G(un+1, un+2, un+2, 

�

�
 ) ∗ 

                                                                       ……..∗ G(un+p-1, un+p, un+p, 
�

�
 ) 

                                                        ≥ dn( 
�

�
) ∗ dn+1( 

�

�
) ∗……………∗ dn+p-1( 

�

�
) 

                                                        ≥ min{d0(
�

���) , e0( 
�

���)}∗min{d0( 
�

�����), e0( 
�

�����)}∗  

                                                           ………………∗min{d0( 
�

�������), e0( 
�

�������)}.           │ by (2.2) 

Letting n → ∞ and using (P) we get 
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                         G(un, un+p, un+p, t )  ≥  1 ∗ 1 ∗…………… ∗1 = 1 

which yields  limn → ∞ G(un, un+p, un+p, t ) = 1.  

       

Thus {un}, and any subsequence there of , is a G-Cauchy sequence in X. Similarly we may show that 
{vn}, and any subsequence there of, is G- Cauchy in X. Since g(X) is complete and the subsequences 
{u2n+1} = {gx2n+1} and {v2n+1} = {gy2n+1} are G-Cauchy ( being subsequences of G-Cauchy sequences) 
in g(X) so {u2n+1} and {v2n+1} are convergent to some x ∈ g(�) and y ∈ g(�) respectively.  

Similarly {u2n} = {hx2n} and {v2n} = {hy2n} are G-Cauchy in h(X) so {u2n} and {v2n} are convergent to 
some x′ ∈ h(�) and y′ ∈ h(�).  

Since x, y ∈ g(�) and x′, y′ ∈ h(�) therefore there exists �,�, �′,�′ in X such that x = g(�), y = g(�) 
and x′ = h(�′),  y′ = h(�′). But we know that every subsequence and the sequence itself of a G- Cauchy 
sequence are convergent (if converges) to the same limit. Consequently the subsequences {u2n} and 
{u2n+1} have same limit so that x = x′ and y =  y′ i.e. 

                                                          g(�) = h(�′) and g(�) = h(�′).                                                (2.3) 

          G(gx2n+1, S(�, �), S(�, �)  kt) = G( F(x2n,y2n), S(�, �), S(�, �)  kt) 

                                                           ≥ min{G(hx2n, g�, g�,, t), G(hy2n, g�,g�, t)}. 

Letting n → ∞ 

               G(g�, S(�, �), S(�, �)  kt)  ≥ min{G(h�′, g�, g�,, t), G(h�′, g�,g�, t)} 

                                                          = min{1, 1} = 1                                                          │ using (2.3) 

which implies  g� =  S(�, �). In the same way we can show that g� =  S(�, �). Since the pair {S, g} is 
W- compatible therefore 

gx = gg� =  gS(�, �) = S(g�, g�) = S(x, y) 

 and                                          gy = gg� =  gS(�, �) = S(g�, g�) = S(y, x)  

so that  gx = S(x, y) and gy = S(y, x) . 

Also         G(F(�′, �′), hx2n, hx2n, kt) = G(F(�′, �′), S(x2n-1,y2n-1), S(x2n-1, y2n-1), kt) 

                                                           ≥ min{G(h�′, gx2n-1, gx2n-1, t), G(h�′, gy2n-1, gy2n-1, t)} 

letting n → ∞ it implies that 

                  G(F(�′, �′), h�′, h�′, kt)  ≥ min{G(h�′, g�, g� -1, t), G(h�′, g�, g�, t)} 

                                                           = min{1, 1} = 1.                                                    │ using (2.3) 

which immediately gives that F(�′, �′) = h�′. Similarly we can have h�′ =  F(�′, �′). 

 Since the pair {F, h} is W-compatible therefore 

hx = hx′ = hh�′ = hF(�′, �′) = F(h�′, h�′) = F(x′, y′) = F(x, y) 

 and                           hy = hy′ = hh �′ =  hF(�′, �′) = F(h�′, h�′) = F(y′, x′) = F(y, x) 

so that hx = F(x, y) and hy = F(y, x). 
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Now                         G(hx,gx, gx, kt) = G(F(x, y), S(x, y), S(x, y)  kt)  

                                                            ≥  min{G(hx, gx, gx, t), G(hy, gy, gy, t)} 

and                            G(hy,gy, gy, kt) = G(F(y, x), S(y, x), S(y, x)  kt)  

                                                             ≥  min{ G(hy, gy, gy, t), G(hx, gx, gx, t)}. 

Combining these two inequlity 

min{G(hx,gx, gx, kt), G(hy,gy, gy, kt) ≥  min{G(hx, gx, gx, t), G(hy, gy, gy, t)} 

which by lemma 1.3 gives hx = gx and hy = gy. Consequently we get 

 F(x, y) = hx = gx = S(x, y) 

and                                                        F(y, x) = hy = gy = S(y, x). 

Also                       G(gx,gy, gy, kt) = G(F(x, y), S(y, x), S(y, x)  kt)  

                                                         ≥  min{G(hx, gy, gy, t), G(hy, gx, gx, t)} 

                                                         = min{G(gx, gy, gy, t), G(gy, gx, gx, t)} 

                                                         = G(gx, gy, gy, t)                                                       │ using (1.1) 

which yields gx = gy. So we have  

                                          F(x, y) = S(x, y) = hx = gx  = gy  = hy = S(y, x) = F(y, x)                     (2.4). 

Again  

                         G(gx2n+1,gx, gx, kt) = G( F(x2n,y2n), S(x, y), S(x, y)  kt) 

                                                         ≥ min{G(hx2n, gx, gx,, t), G(hy2n, gy,gy, t)} 

Letting n → ∞ it gives 

                               G(x, gx, gx, kt)  ≥ min {G(x, gx, gx, t), G(y, gy,gy, t)}. 

Similarilly  

                              G(y, gy, gy, kt)  ≥ min {G(x, gx, gx, t), G(y, gy,gy, t)}. 

So         min{G(x, gx, gx, kt), G(y, gy,gy, kt)} ≥ min{G(x, gx, gx, t), G(y, gy,gy, t)} 

 which by lemma1.3, yields that gx = x and gy = y. Therefore it follows from gx = gy that x = y. 
Hence by (2.3)  

                                                     F(x, x) = S(x, x) = hx = gx = x. 

Suppose x′′ be any point in X such that F(x′′, x′′) = S(x′′, x′′) = hx′′ = gx′′ = x′′. Then we have  

                                G(x′′, x, x, kt) = G(F(x′′, x′′), S(x, x), S(x, x), kt) 

                                                       ≥ min{G(hx′′, gx, gx, t), G(hx′′, gx, gx, t)}  

                                                       = min{G(x′′, x, x, t), G(x′′, x, x, t)}  

                                                       = G(x′′, x, x, t) 
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This implies that x′′ =  x  i. e. the point x is unique. Thus the theorem is proved.   

Remark: If we take S = F and g = h = f, the theorem due to K.P.R. Rao et al [23] is well established. 
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